Abstract. We study multiplication operators on the weighted Banach spaces of an infinite tree. We characterize the bounded and the compact operators, as well as determine the operator norm. In addition, we determine the spectrum of the bounded multiplication operators and characterize the isometries. Finally, we study the multiplication operators between the weighted Banach spaces and the Lipschitz space by characterizing the bounded and the compact operators, determine estimates on the operator norm, and show there are no isometries.
Introduction
Let X and Y be Banach spaces of functions defined on a set Ω. For a complexvalued function ψ defined on Ω the linear operator M ψ : X → Y defined by M ψ f = ψf for all f ∈ X is called the multiplication operator from X to Y with symbol ψ. To connect the properties of the symbol ψ to the properties of M ψ is the goal of the study of such operators.
The study of operators with symbol defined on spaces of analytic functions on the open unit disk D of C have been studied for many years, and the literature is extensive. There are many such spaces that have been termed classical. We denote the space of analytic functions from D to C by H(D). The algebra of bounded analytic functions from D to C, denoted by H ∞ (D), is defined to be the set of functions f ∈ H(D) for which f ∞ = sup z∈D |f (z)| < ∞.
In addition to H ∞ , the Bloch space, denoted B(D), is the set of functions f ∈ H(D) such that f B = |f (0)| + sup
For the past several years a shift has been made to studying multiplication operators on spaces of functions defined on discrete structures, specifically a tree. By a tree T we mean a connected, simply-connected, and locally finite graph. As a set, we identify the tree with the collection of its vertices. Two vertices u and v are called neighbors if there is an edge [u, v] connecting them, and we use the notation u ∼ v. A path is a finite or infinite sequence of vertices [v 0 , v 1 , . . . ] such that v k ∼ v k+1 and v k−1 = v k+1 , for all k. A vertex is called terminal if it has a unique neighbor.
Given a tree T rooted at o and a vertex u ∈ T , a vertex v is called a descendant of u if the vertex u lies in the unique path from o to v. The vertex u is then called an ancestor of v. The set of vertices in T other than the root is denoted by T * . For v ∈ T * , we denote by v − the unique neighbor which is an ancestor of v. For v ∈ T , the set S v consisting of v and all its descendants is called the sector determined by v.
The length of a finite path [u = u 0 , u 1 , . . . , v = u n ] (with u k ∼ u k+1 for k = 0, . . . , n) is defined to be the number n of edges connecting u to v. The distance, d (u, v) , between vertices u and v is the length of the unique path connecting u to v. The tree T is a metric space under the distance d. Fixing o as the root of the tree, we define the length of a vertex v, by |v| = d(o, v). By a function on a tree we mean a complex-valued function on the set of its vertices. In this paper, the tree will be assumed to be rooted at a vertex o and infinite.
The first spaces considered for these types of multiplication operators were discrete analogs of H ∞ (D) and B(D). The space of bounded functions on a tree T is denoted by L ∞ (T ) and defined to be the set of functions f : T → C such that
The Lipschitz space, denoted L(T ), is the analog of the Bloch space and defined to be the set of all functions f :
where
Multiplication operators on L were studied in [5] by Colonna and Easley.
The characterization of the bounded multiplication operators on L was used to construct a new space, called the weighted Lipschitz space L w . The first author, Colonna, and Easley studied the multiplication operators on L w [3] and between L and L w [1] . The characterization of the bounded operators on L w was used to construct yet another new space. This iterated process constructed a family of spaces called the iterated logarithmic Lipschitz spaces L (k) for k ∈ N, define as the space of functions f : T → C such that
These spaces are the discrete analogs of the logarithmic Bloch spaces of D, and the multiplication operators between the spaces were studied in [2] . In addition, Colonna and Easley studied multiplication operators between L and L ∞ in [6] . The purpose of this paper is to introduce a new space of functions on T and to extend the results of [6] . In addition, this paper will tie together all of the spaces under current study. Having a complete picture of the multipliers of these spaces will allow researchers to move on to studying the weighted composition operators on these spaces. A step in this direction was taken by the first author, Colonna, and Easley in [4] , where they studied the composition operators on L.
Preliminary Results
A weight is a positive real-valued function on a tree T . We define the weighted Banach space on T of weight µ, denoted L ∞ µ (T ), to be the set of functions f on T such that
Proof. It is straightforward to show that · µ endows L ∞ µ with a complex normed linear space structure. Therefore, it suffices to show that L ∞ µ is complete with respect to · µ . Let ε > 0 and suppose (f n ) is a Cauchy sequence in L ∞ µ , and w ∈ T fixed. Since µ(w) > 0, there exists an index N ∈ N such that for all n, m ≥ N , with m > n, we have f n − f m µ < εµ(w). In fact,
Thus, (f n (w)) is Cauchy in C, and converges to some value f (w). In fact, (f n ) converges pointwise to this function f on T . Furthermore, we will show that f ∈ L ∞ µ . Since (f n (w)) converges pointwise to f (w), then for a fixed w ∈ T , there exists an index N ∈ N such that for each n ≥ N , |f (w) − f n (w)| < 1/µ(w). By triangle inequality, we have that µ(w) |f (w)| < 1 + µ(w) |f n (w)|. Applying the supremum over all w ∈ T , we obtain f µ < 1 + f n µ . Since (f n ) is Cauchy, and thus bounded, we have
To conclude the proof of the completeness, we need to show that f n − f µ → 0 as n → ∞. Let ε > 0. Indeed (f n ) converges pointwise to f and µ(v) > 0 for all v ∈ T . So for fixed v ∈ T , there exists some index N ∈ N such that for all n ≥ N ,
Taking the supremum over all v ∈ T , we have that f n − f µ < ε. So (f n ) converges in norm to f , and therefore L ∞ µ is a Banach space.
A Banach space X of complex-valued functions on a set Ω is said to be a functional Banach space if for each w ∈ Ω, the point evaluation functional is bounded.
Thus, L ∞ µ is a functional Banach space.
Colonna and Easley defined the Lipschitz space on a tree in [5] , and proved it to be a functional Banach space, with the point evaluations bounded in the following. 
A particularly interesting class of functions that live in L ∞ , L ∞ µ , and L are the characteristic functions. Let A ⊆ T and define the characteristic function on A to be
In the case that A is a singleton set, A = {w}, we use the notation χ w . In the sections to follow, we will use such characteristic functions and we note their norms here:
For a functional Banach space, the following result is very important in the study of multiplication operators.
Lemma 2.4. [8, Lemma 11] Let X be a functional Banach space on the set Ω and let ψ be a complex-valued function on
The following result is inspired by Lemma 2.10 of [9] , where the result was proved for Banach spaces of analytic functions on D. All spaces mentioned in the previous section satisfy the conditions of the lemma, and we will make extensive use of this result in the study of compact multiplication operators among these spaces.
Multiplication Operators on L ∞ µ
In this section, we study the multiplication operators acting on the weighted Banach space L ∞ µ . We begin by characterizing the bounded operators and determine the operator norm. Then we also characterize the compact multiplication operators. We also determine the spectrum of the bounded operators, and with this we characterize the bounded below multiplication operators. Finally, we characterize the isometric multiplication operators on L ∞ µ .
3.1. Boundedness and operator norm. In this section, we characterize the boundedness of the multiplication operators on L ∞ µ , as well as determine the operator norm.
Since ψ is bounded, we have M ψ is bounded on L ∞ µ . In addition, we obtain M ψ = ψ ∞ , as desired.
3.2.
Compactness. In this section, we characterize the compact multiplication
Observe that f n µ = 1 for all n ∈ N and f n → 0 pointwise. From Lemma 2.5, this implies that M ψ f n µ → 0 as n → ∞. Additionally, 
Since ε is an arbitrary positive number, we have
Thus, M ψ f n µ → 0, and by Lemma 2.5, we conclude that M ψ is compact.
3.3. Spectrum. In this section we determine the spectrum and point spectrum of a bounded multiplication operator on L ∞ µ . Recall that the spectrum of a bounded operator A on a Banach space X is defined as
where I is the identity operator on X. The spectrum of a bounded operator is a nonempty compact subset of C.
The set of eigenvalues σ p (A) of a bounded operator A is called the point spectrum
The approximate point spectrum of A is defined as the set σ ap (A) consisting of all λ ∈ C corresponding to which for each n ∈ N there exists x n ∈ X with x n = 1 such that (A − λI)x n → 0 as n → ∞. It is clear that
In fact, this implies that λ = ψ(w). Therefore, λ ∈ ψ(T ), and so σ p (M ψ ) ⊆ ψ(T ).
Suppose now that λ ∈ ψ(T ). Then there exists a vertex w ∈ T such that λ = ψ(w). Recall that for the characteristic function χ w is in L 
, then passing to the closure we obtain ψ(T ) ⊆ σ(M ψ ). Suppose now that λ / ∈ ψ(T ). Then there exists a c > 0 such that |ψ(v) − λ| ≥ c for all v ∈ T . Define the function ϕ λ by ϕ λ (v) = (ψ(v) − λ) −1 . Observe that
and so ϕ λ is bounded. Thus, by Theorem 3.1, we have that
Consequently, M ψ−λ is invertible on L ∞ µ , which proves that λ / ∈ σ(M ψ ). Therefore, it has been shown that ψ(T ) = σ(M ψ ). Furthermore, it is well known ( [7] , Proposition 6.7) that ∂σ(A) ⊆ σ ap (A).
From this and (1) we have that σ ap (T ) = ψ(T ), as desired.
Recall that a bounded operator A on a Banach space X is bounded below if there exists a positive constant C such that Ax ≥ C x for each x ∈ X. The following result relates the notion of approximate point spectrum of a bounded operator on a Banach space to the notion of an associated operator that is bounded below. 
Proof. Suppose that ψ is a function of modulus 1 and let
and thus M ψ is an isometry.
Suppose now that M ψ is an isometry. For w ∈ T , observe
Since µ(w) > 0, it must be the case that |ψ(w)| = 1. Thus, ψ is a function of modulus 1.
Multiplication Operators from L to L ∞ µ
In the next two sections, we study the connections between L ∞ µ and the Lipschitz space L. Specifically, in this section we study the multiplication operators from L to L ∞ µ . We characterize the bounded operators and determine estimates on their operator norm. In addition, we characterize the compact operators as well as determine there are no isometries among the multiplication operators. 
Proof. Suppose M ψ is bounded. For the function f (v) = |v|, note that f L = 1 and observe that
From the boundedness of M ψ , we have that η ψ is finite. For the function f = 1 2 χ o , note that f L = 1 and observe
From (2) and (3), we obtain max
Furthermore, by Lemma 2.3, for v = o, we have |g(v)| ≤ |v| so that
Taking the supremum over all v ∈ T * , we see that sup
Finally, from (4), (5), and by taking the supremum over all g ∈ L with g L = 1, the boundedness of M ψ is established. We conclude that M ψ ≤ max {µ(o)|ψ(o)|, η ψ }, as desired.
4.2.
Compactness. In this section we characterize the compact multiplication operators from L to L ∞ µ . We first show a particular class of symbol ψ induces compact multiplication operators from
Proof. Recall η ψ = 0 if and only if ψ identically 0 on T * . By Theorem 4.1 we have M ψ : L → L ∞ µ is bounded. Also, if ψ is identically 0 on T , then M ψ is clearly compact. So suppose ψ is identically 0 on T * with ψ(o) = 0 and let (f n ) be a bounded sequence in L converging to 0 pointwise on T . By Lemma 2.5, it suffices to show M ψ f n µ → 0 as n → ∞. Observe
Proof. Suppose that M ψ is compact. Let (v n ) be any sequence in T with |v n | ≥ 1 and |v n | increasing without bound. It is sufficient to show that the sequence (µ(v n ) |v n | |ψ(v n )|) converges to 0 as n tends to infinity. For each n ∈ N, define
Since (v n ) increases without bound, for each v ∈ T we can find a sufficiently large N ∈ N, such that for all n ≥ N we have |v| < |v n | 2 . Thus, f n converges to 0 pointwise on T . Furthermore, since f n (o) = 0, we have f n L = sup
Consider the case where |v n | 2 < |v| ≤ |v n |, noting that Df n = 0 in all other cases.
Observe that for |v| = |v n | we have
and when |v n | 2 < |v| < |v n |, we have
It follows that f n L = 2. In fact, from the compactness of M ψ and Lemma 2.5 convenience assume each f n is not identically 0, and observe that for all n ∈ N, the function g n = f n / f n L is in L since g n L = 1. Thus, by Lemma 2.3 for all n ∈ N we have |g n (v)| ≤ |v| for all v ∈ T * , so we obtain
Consequently, for all v ∈ T with |v| > M , we have
Taking into consideration the case where |v| ≤ M , since (f n ) converges to 0 pointwise on T , it converges uniformly on the set {v ∈ T : |v| ≤ M }. That is, with η ψ = 0 there exists an N ∈ N such that |f n (v)| < ε η ψ for all n ≥ N and all v ∈ T with |v| ≤ M . Consequently,
for all n ≥ N and for all v ∈ T such that |v| ≤ M . Therefore, for all ε > 0 and all v ∈ T , there exists an N ∈ N such that µ(v) |ψ(v)f n (v)| < ε for all n ≥ N . Taking the supremum over all v ∈ T , it follows that ψf n µ < ε for all n ≥ N . Letting ε → 0, we conclude that ψf n µ → 0 as n tends to ∞. 
Thus for all v ∈ T * , we have Therefore, M ψ is not an isometry.
Multiplication Operators from L
∞ µ to L In this section we study multiplication operators from L ∞ µ to L. As in the previous section, we characterize the bounded and compact operators, determine bounds on the operator norm of the bounded operators, and determine there are no isometric multiplication operators. 5.1. Boundedness and operator norm. We characterize the bounded multiplication operators and determine the operator norm.
For a function ψ on T , define
Furthermore, for any vertex v ∈ T * , the function
From (7), (8) , and taking the supremum over all v ∈ T , we obtain ̟ ψ ≤ M ψ . Thus, the boundedness of M ψ implies that ̟ ψ is finite.
Continuing, suppose that ̟ ψ is finite. Let f ∈ L ∞ µ with f µ ≤ 1, and observe that
Therefore, we have that M ψ is bounded. Furthermore, we conclude ̟ ψ ≤ M ψ ≤ 3̟ ψ , as desired.
5.2.
Compactness. In this section we characterize the compact multiplication op-
Proof. Suppose M ψ is compact, and let (v n ) be a sequence in T with |v n | → ∞ as n → ∞. For n ∈ N define
and observe that f n µ = 1. Since |v n | → ∞ as n → ∞, for a fixed w ∈ T we may choose an index N ∈ N sufficiently large such that whenever n ≥ N we have |w| < |v n |. Consequently, f n converges to 0 pointwise on T . By Lemma 2.5, the compactness of M ψ implies
Suppose now that lim |v|→∞ |ψ(v)| µ(v) = 0 and disregard the case that ψ is identically 0 on T , since the associated multiplication operator is compact. Let (f n ) be a bounded sequence in L ∞ µ converging to 0 pointwise on T and define s = sup n∈N f n µ .
Given ε > 0, there exists an N ∈ N such that |ψ(v)| µ(v) < ε 2s for all v ∈ T with |v| ≥ N . Thus, for all v with |v| > N and all n ∈ N, we have
Now consider the case where |v| ≤ N . Since the sequence (f n ) converges to 0 pointwise on T , then (f n ) converges uniformly to 0 on the finite set {v ∈ T : |v| ≤ N }. Defining m = max |v|≤N µ(v), there exists an index M ∈ N such that |f n (v)| < ε 2m̟ ψ for all v ∈ T * with |v| ≤ N and all n ≥ M . Consequently,
Thus, D(ψf n )(v) < ε for all vertices v = o and all n ≥ M . Since (f n ) converges to 0 pointwise on T , then ψf n (o) → 0 as n → ∞. Therefore, we have that ψf n L → 0 as n → ∞. It is concluded from Lemma 2.5 that M ψ is compact. Finally, define f = 1/µ on T . Observe that f ∈ L ∞ µ with f µ = 1. In fact, since M ψ is assumed to be an isometry, from (9) and (10) we obtain
Therefore, M ψ is not an isometry.
